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Abstract. Properties of electrostatically self-focused electron streams are calculated from
stream injection parameters. The unneutralized ion density within the stream can be
nearly an order of magnitude greater than that of stream particles alone. This effect is due
to ionization by stream particles and collective behaviour of the stream and ambient plasma.
Cold, uniform streams can occur only where stream linear density is sufficiently high. In
certain cases ion cluster and molecular ion formation give rise to tight focusing. Periodic
self-focusing provides axial electric fields which can resonantly drive stream particle
oscillations and which can be used for acceleration of ambient ions.

1. Introduction

Electrostatic self-focusing of an electron stream results from the establishment of radial
electric fields in the vicinity of the stream due to a net positive electrostatic charge
accumulation in that region. Redistribution of the ionization produced by stream
particle-neutral collisions gives rise to this space charge. These fields, which focus the
stream, simultaneously eject positive ions from the stream region. Steady state obtains
when this self-repulsion by the positive ions results in ion depletion by radial motion
from the stream channel at a rate equal to the ion production rate within the channel.
This phenomenon is observable in low-current (mA), low-voltage (kV) streams passing
through a low-pressure (10~3-1072 Torr) gas.

Although the behaviour of electrostatically self-focused electron streams has been
investigated for a number of years, only recently has an adequate description emerged
(McCorkle and Bennett 1972). That work pointed out the strong focusing which occurs
in these streams. Using an assumed radial functional dependence for the stream density,
self-consistent properties were obtained from which values for the stream diameter
could be calculated.

This work presents criteria for the occurrence of electrostatic self-focusing in electron
streams and thereby justifies the assumption of the earlier work. The net charge density
within the stream is calculated. Moreover, dynamics of non-uniform diameter streams
are given. Previously unrecognized processes which produce strong focusing and which

can convert energy of self-focusing into stream oscillations and axial acceleration of
ambient ions are discussed.

2. Uniform diameter streams

Consider an electron stream with a current of several milliamperes and with particle
energies higher than about 0-1 keV drifting through a gas of pressure in the range
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10~5-10" 2 Torr approximately, producing ambient ionization by collision and experi-
encing radially directed forces due to the resulting space-charge electric field. In order
to establish conditions for the occurrence of electrostatic self-focusing and to define
stream equilibrium, a virial for the stream is useful. For a cylindrical stream the moment
of inertia of a stream electron about the axis, mr?, is related to the radial force component
exerted on the particle (McCorkle and Bennett 1972) by

1d*mr®) m_, m,., e J"
ol =D Mg © . 1
v S+ 6 ) e, 0na(s)sds 4]

The sum extends over all types of charged particles present in the stream (stream
electrons, ambient electrons and ions), each with particle density n, and charge e, .

Multiplying by the distribution function for stream particles and integrating over
velocity and position space per unit stream length gives

2 w por
1 d—i = Nb(m@‘ﬁo) + Y, + 0,,) e Ye, J f ny(s)s dsny(r)r dr. )
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Here, I is the moment of inertia of all stream particles in a unit length, (m/2) (%, is the
energy due to the radial component of mass motion r,q, averaged over the number of
stream particles per unit length N, , and y, and 6, represent energy attributable to random
velocity components in the radial and azimuthal directions respectively. (The random
velocities of stream particles about their average stream velocities (both radial and axial)
need not be Maxwellian. In practice such ‘finite-temperature streams’ arise due to
random behaviour in the stream emission and formation region as well as to phase
mixing (Bennett 1955) and collision effects within the stream itself.)

As previously recognized (Bennett 1955), streams will concentrate towards the axis
(self-focus) if d%I/dt? < 0:

Nyxp < Zt—e—z e, j f 1,(s)s dsny,(r)r dr. 3)
€0 a o Jo

s 18 the mean kinetic energy per stream particle due to velocity components transverse
to the stream direction. Uniform diameter streams, for which 7, = 0, are characterized
by the criterion

NoXoe = re Ye, f j n,(s)s dsny(r)r dr. )
€0 4 0 Yo

From this requirement the existence of uniform diameter streams for which the net
space-charge density in the stream is proportional to the stream charge density is
established. The substitution Z, e,n,(r) = feny(r) in (4) gives

f= 8nfolbe/eZNb- ()

Thus uniform diameter streams are describable by
Z eana(r) = Sn‘OXbenb(r)/er‘ (6)

In the following, x,. = 26, = 2y, is taken to be independent of radius.

The energy spectra of the ionization collision products have a direct influence on
stream focusing. Positive ions, having received negligible energy during the ionization
process, emerge radially from the stream region under the influence of the electric field
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and experience insignificant collisional interaction during passage to the tube walls
except for resonance charge exchange collisions with parent gas particles. Ambient
electrons, unlike the ions, emerge from the ionization process with a considerable spread
of energies. The outward flux of electrons in and around the stream consists of a drift
motion superimposed on a random motion, the energy of which is spatially dependent
and is related to the average energy acquired during the ionizing collision by the ejected
electrons.

Using previously developed models (McCorkle and Bennett 1972) for the charged
particle distributions (for which, in the interest of simplicity, only one type of ion was

considered) in (6) gives

_J ds(viny(s)s +y(s)) explna Blrls)) [2e/M) ($(s) - ¢)]~

" e EXD[5e0/(Eo + 261+ (1 +1 Wino XD 1u0) g
Here

Y(s) = n, J‘:o f:o fio 1., (F) fi(s, F, 0, )s? dr dé dz (8)
and

Birk) = [ .2610(5)~ 4()/M) dx, ©)

in which v; is the ionization collision frequency for stream electrons colliding with
ambient neutrals, M is the ion particle mass, ¢(r) is the electrostatic potential with
¢(0) = 0, o, is the ion—neutral charge exchange cross section, n, is the neutral particle
density, f; is the ion distribution function and E, is the average energy acquired by a
bound electron that is ejected during an ionizing collision. E; may be obtained from
the stream energy and ambient gas type (McCorkle and Bennett 1972). Furthermore,
n., and ny, are the ambient electron and stream particle densities respectively on the
stream axis. For a considerable range in gas pressure, charge exchange effects on the ion
distribution can be small, giving

e J5 dsviny(s)s[(2e/M)(¢(s) — ¢)] /2
Neo €Xp[Sed/(2Eq + 2e¢)] + (1 +f )y, expled/xpe)
More tractable solutions are obtained from Poisson’s equation in which equation (6)
is used to express the net space-charge density in terms of the stream particle density,

and the stream distribution n, = ny, exp(ed/xs.) (McCorkle and Bennett 1972) is used
to express the electrostatic potential in terms of the stream particle density:

0 (ralnnb

(10)

Nbg or

This result is of the form of the well known Liouville equation, a solution of which is
ny, = Ny/ma*(1+r?/¢*)?. This result in (10) gives

(M/X.)"/*vio exp(—mD(y/n)/2
(neo/Npo) €Xp[ — San /(1 —2am)] + (1 +f) exp(—21)

Normalized variables are used: p =rfe, n= —ed/2x,. and o = y,./E,.
D(x) = [ exp(t?)dt is the Dawson function of x.

) = —8narn,. (11)
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From the solution of the Liouville equation, n, = N,/4ng? at p = 1. For this
radial position, # = In(nye/n,)!’> = In 2. Evaluating (12) at (p, %) = (1, In 2) gives the
stream radius ¢ as

Xbe 12 2K(d)

K(x) has been given previously (figure 1 of McCorkle and Bennett 1972). Formation of
molecular ions or ion clusters in the stream can increase the ion mass and thereby result
in the formation of quite small diameter streams. The on-axis charged particle densities

become
_NM v z
Moo = 4nxb,(1<(a)(1 +f)) ! 19
Neo = nyo(K(@)—1)(1+f) (15)
and
nio = nyoK(@)(1+f) (16)

for the stream electrons, ambient electrons and ambient ions respectively. Spatial
distributions for these quantities are given by

Ny = Nyo exp(—27), (17)

Me = Neo eXp(—San/(1— 2an)] (18)
and

n; = nyo exp(—nD(/n)/p (19)
with (12) rewritten as
p = K(a) exp(—n)D(/n) {(K(2)— 1) exp[ — San/(1 — 2am)] + exp(—2m)} ~". (20)

The one-parameter solutions given by (20) are shown in figure 1.
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Figure 1. Universal potential profiles in and around uniform diameter electrostatically
self-focusing electron streams. (The stream model n, = Ny/na?(1+p?)* is inadequate for
a < 005 and other solutions of the Liouville equation should be used.) Electrostatic
potential is normalized to the transverse thermal spread of the stream and radial position
is normalized to the stream radius.
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3. Non-uniform diameter streams

The development of non-uniform diameter streams may be described by moment
equations. For axially symmetric streams with particle random velocity components
evenly distributed about the velocity of mass motion, (F4g, 240), iSotropic in components
transverse to the stream axis, and subject to a force (F,, F,), relevant moment equations
are:

dinn 0z
P ( Phyo)+ =50 =0 1)
t
dfo F, 1 0
20 Tr, - = 22
o m+nb 5, (Me2¥y/m) =0 (22)
dzyo F, 1
d_""__ (nb2l//l/m =0 (23)
t
dlny, 6f'b0
2222 =0 24
@ (24)
diny, .Fuo
e (25)
and
a e 0 (26)

where d/dt = /0t +Fy0/0r + 2,0,0/0z. These are conservation equations for particle
number, radially directed momentum, axially directed momentum and energy due to
components of velocity in the radial, azimuthal and axial directions respectively. Y, is
the energy due to random velocity components for a single degree of freedom transverse
to the stream direction and ¥, is the equivalent quantity for components along the stream.

Two results follow immediately. Adding (24), (25) and (26) and subtracting theresult
from (21) gives (d/dt)(In Y !/?/n,) = O or

Y2 /n, = constant (27)

along a streamline, whereas (24) and (25) give

. 1din x//,
Foo = —3—q T (28)
Here, d(In y,)/dt is a function of axial position z alone. Since#,o ~ rand dr/dz = Fyo/240
for a streamline, solutions with 2z, = Z,.(z) preserve the stream density profile. Other-
wise significant changes in stream density profiles can occur due to radial mixing (one
such case is the occurrence of hollow streams for which the density is not maximum on
axis).

Although many solutions of the moment equations are possible (consistent with
many stream developments that occur in practice), only one characteristic set is presented
here. For a stream initially Gaussian in radial disposition and with a longitudinal
thermal spread near the equilibrium value (see equation (36)), ¥, may be assumed to
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undergo no significant change; ¥, = x,./2. Then from (26), 2,, is constant and the
Gaussian form is preserved throughout the motion:

ny(r, 2) = Ny exp(—r2/o*(2))/na’(2). (29)
Then (27) gives
Y(2) = Yio08/0%(2) (30)

for a stream injected with an initial thermal spread in the transverse direction of ¥, and
with a radius o, at that point. For a drifting, electrostatically self-focusing stream,
F, = ed¢/Cr and F, = ed¢p/0z. With a radially uniform transverse thermal spread, (22)
and (23) give
d’R 1 1
=0
& TRE 3D

and

ed(r, z) = 1ue(In(00/0)* = (r/0)*] (32)

for the steady-state development. The normalization R = (6/6)(Xpe/Vi0)!? and
s = (22/00)(Xpe/2v0r/(MY,0)) Was invoked in writing (31). This equation is of the form
of the Vladimirskij—Kapchinskij equation. The solution is given in figure 2 (from
the work of Garren (1969) which, although concerned with a different physical situation,
gave rise to the same equation).

Figure 2. Axial development of stream radius for a drifting electrostatically self-focusing
electron stream (solution of (31) from the work of Garren (1969)).

The first integral of (31) gives
1{dR\?
Y [ V(R) =0
2( ds) +V(R) (33)

with

0

2
V(R) = %[ln(Rﬁ) +R 2-Rg%*- (‘i—?) } (34)
0
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a form equivalent to that for the motion of a unit mass particle subject to a force field
characterized by the potential V(R). Here, (dR/ds), is the initial angular convergence
or divergence of the stream. Equilibrium occurs for dV/dR = 0 giving R, = /2 or

0. = 0o(2¥10/Xbe)" % (35)
This result may be used with that given in (13) to obtain
YoeK(Xwe/Eo) (1 + 8Regxne/€* Np) = 0ovi(M,0/2)'2, (36)

which specifies .. in terms of the initial parameters of the stream. Moreover, since
g, S oy if (dV/dR)g, 2 O respectively, streams will be focusing if o < xu./2 and anti-
focusing if Y, > xu./2. With the occurrence of radial mixing, streams evolve toward a
uniform diameter. Then ,, must be replaced by ¥, = Yo +3mz,(do/dz)3 in these
equilibrium and focusing estimates. Consequently the condition for stream contraction
by electrostatic self-focusing is

ovid/ M > 2/(2%16)K(2Y110/Eo) (1 + 167eoio/e* Ny). (37)

Maximum and minimum stream radii, R,, and R,, respectively, are given by
dR/ds = 0 and thus by V(Ry,.) = 0:

Ry%,+In Ry, = Ry*+In Ry +(dR/ds)3. (38)

The bounce length of the stream, defined as the axial distance between consecutive
maxima (minima) of the stream radius, may be estimated for cases with small radial
deviation from equilibrium by expanding the force term, (2R)™! — R~3, about /2 and
retaining the linear term only. This gives a bounce length 4, = 27,/2 (see figure 2) or

Le(m 12 37K (@)
P AM Pp

1+ (39)

Here P, is the probability of ionization and p the gas pressure. Finally, the radial and
axial electric field values may be obtained as

E, = 2yp.r/ec? (40)
and

d
E, = 2"“(1—:(1 —r*/g?)/ea, (41)

for which (33) and (34) give do/dz. Typically E, ~ 8y,./ei, in the stream.

Although a particular stream model was utilised here, experiment shows these results
hold for cases in which strong changes occur in the stream distribution (unpublished
results by the author).

4. Discussion

Electrostatically self-focusing electron streams are characterized by the description
given here over a broad range of parameters. The limitation incurred by ignoring
scattering of stream particles may be estimated by recognizing that for stream particle
energies of interest, a high percentage of scattering collisions with neutrals result in
ionization. The requirement for axial development to occur as presented over axial
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distances of several A, becomes P,pi, « 1, or using (39), (36) and (5):

1/2 2
GoViVio €

Ny Brleoy2m)

The similar requirement for neglecting angular scattering due to Coulombic interactions,
(de/dx).A, < xu. (Where (de,/dx), is the increase in transverse energy of stream particles
per unit axial distance due to Coulombic scattering with ambient ions (Thomas 1928)),

becomes
2N 1/2 5
fP-p b(%) » 4(ln(ln gb) -y - 1) (43)

~ 2.72 x 107 * (mks). 42)

with

_ 30, (M ”2(47te0mz'§0)3. (44)

® T Newi\2M e’

The right-hand side of (43) approaches a value of 200 and is slowly varying. Euler’s
constant, y, is 0-5772.

The ambient electron model involved neglect of collisional energy loss due to elastic
and inelastic collisions with neutrals and energy exchange with ions, in comparison with
energy production by stream particles in ionizing collisions (McCorkle and Bennett
1972). Power density values for these processes justify this assumption for pressures up
to the order of 1073-10"2 Torr in gases for which metastable states do not play a
dominant role.

Neglect of charge exchange in the ion density model requires that the radial compo-
nent of electrostatic force experienced by ions in the streams overcomes the collisional
drag force: eE > Muv}n,a,, for an ion radial drift velocity v;. This runaway condition
is satisfied for neutral densities below 4/a.0.,, the charge exchange cross section being
evaluated at an energy of y,./2 approximately. Similarly, for ion runaway in the presence
of dynamical friction due to ion—ion interactions, there obtains
f3N3 S 10“7rs0(l ( d;

Here, §; = (kT,/mz¢,)*5, with an ambient gas temperature T,.

Within the model employed there is a fundamental limitation on the strength of
electrostatic self-focusing as well as a range of parameters for which stream and ambient
particles can act collectively to produce this focusing. In the first case, stream energies
in transverse velocity components are limited by the requirement o < 0-1433 (in order
that K(x) < o). Consequently,

Xoe < 0-1433E,. (46)

For stream particles to exhibit collective behaviour, the stream radius should be compar-
able to or exceed the Debye length for these particles. Then

f<8 or Ny = Tegipe/€> 47)

This restriction removes the anomalous result from (13) that as the stream current
becomes small (N, — 0), the stream radius diverges (f — oo0). In fact, for stream particle
line densities below the limit given in (47), the stream begins to behave as a collection
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of particles. The similar requirement that ambient electrons behave collectively gives

K@) > 14— Ti—f) . (48)

200

Cooperative ion behaviour is ensured in this limit too. A display of these restrictions is
given in figure 3.
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Figure 3. Region of operation for well-behaved electrostatically self-focusing electron
streams. (The unit of x,./N, is €2/8n¢, = 1:15 x 10728 Jm))

Potential values assumed by a cylindrical tube coaxially surrounding such streams,
and the consequent wall-sheath formation, have been characterized previously
{(McCorkle and Bennett 1972).

Conversion of electrostatic self-focusing energy into stream particle oscillations may
occur. The longitudinal component of the electrostatic field of a bouncing stream
presents a time-varying field of frequency 2n2,,/4, in the frame in which stream particles
are at rest. Thus a resonant condition obtains when this value equals the plasma
frequency of the stream particles, Nye? = 4regyy. Or f = 2. Moreover, the longitudinal
field component may provide significant axial acceleration of ambient ions. Since the
axial field obtains values approaching 4ny,./eA, at certain axial positions, the longitud-
inal force on a singly charged ion is

F, = (e’f Ny/Ameo)? /0o 2u0(2mibo)' /2. (49)

Runaway ion behaviour then obtains provided that

F2NKT, 5,
J TR n 4 Inf 2 — —
2b0vi\/M > \/(m) n 11’1 5i / 1 (50)
and
< F,/30,40.,, (51)

the charge exchange cross section being evaluated at an energy kT,. Obviously the
axial position of the force maximum may be made time-dependent by varying the
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initial angular convergence (or divergence) of the stream. Some self-synchronization of
the acceleration process may also occur (Putnam 1970).
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